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The connection between black hole thermodynamics and chemistry is extended to the lower-
dimensional regime by considering the rotating and charged BTZ metric in the (2 + 1)-D and a
(1 + 1)-D limits of Einstein gravity. The Smarr relation is naturally upheld in both BTZ cases,
where those with Q 6= 0 violate the Reverse Isoperimetric Inequality and are thus superentropic.
The inequality can be maintained, however, with the addition of a new thermodynamic work term
associated with the mass renormalization scale. The D → 0 limit of a generic D + 2-dimensional
Einstein gravity theory is also considered to derive the Smarr and Komar relations, although the
opposite sign definitions of the cosmological constant and thermodynamic pressure from the D > 2
cases must be adopted in order to satisfy the relation. The requirement of positive entropy implies an
upper bound on the mass of a (1+1)-D black hole. Promoting an associated constant of integration
to a thermodynamic variable allows one to define a “rotation” in one spatial dimension. Neither
the D = 3 nor the D → 2 black holes exhibit any interesting phase behaviour.
PACS numbers: 04.50.Gh, 04.70.-s, 05.70.Ce
I. INTRODUCTION
The link between black hole physics and thermody-
namics has been recognized for decades, from the pioneer-
ing work of Bekenstein [1], Hawking [2], and Carter [3], to
Jacobson’s generalization of the Einstein equations as a
thermodynamic equation of state [4]. Inspired by holog-
raphy [5], novel studies of black holes in spacetimes with
non-vanishing cosmological constant have ushered in a
new era of gauge-gravity duality, providing connections
between seemingly disparate theoretical concepts. The
AdS/CFT correspondence is perhaps the cornerstone of
such theories [6], which relates string theories (and by
proxy gravitation) formulated on asymptotically-anti de
Sitter (AdS) spacetimes to a conformal field theory on
the boundary.
Motivated by the thermodynamic connection, an al-
ternate analogue of “black hole chemistry” has emerged
in recent years. This method seeks to associate to each
black hole parameter a chemical equivalent in represen-
tations of the first law. The long-standing identification
of mass M to thermal energy E, surface gravity κ to
temperature T , and horizon area A to entropy S
dE = TdS + V dP +work terms ⇐⇒
dM =
κ
8π
dA+ΩdJ +ΦdQ (1.1)
leaves out one quantity – the pressure-volume term –
which has no gravitational analogue in spacetimes of
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Λ = 0. In Schwarzschild-(A)dS spacetimes, however, the
presence of Λ 6= 0 provides the missing ingredient.
The basic idea of extended thermodynamic phase
space, or “black hole chemistry”, is to regard the cos-
mological constant of anti de Sitter (AdS) spacetime as
a thermodynamic variable [7], analogous to pressure in
the first law [8–23]. The original motivations for so do-
ing originate from a consideration of the Smarr relation
[24], which is satisfied provided Λ is taken to be ther-
modynamic pressure [8, 9]. This is quite natural from
the perspective of cosmology, since a negative cosmolog-
ical constant induces a vacuum pressure. The mass M
is then understood as a gravitational version of chemical
enthalpy, which is the total energy of a system, including
both its internal energy and the energy required to dis-
place its environment. For spacetimes with Λ < 0, the
PV term can be regarded as a displacement of vacuum
energy.
It has recently been shown that the correspondence be-
tween black hole thermodynamics and real world systems
is much closer [9–12, 18], yielding a considerably more
interesting array of thermodynamic behaviour, for both
negative and positive [25] cosmological constants. This
includes the discovery of reentrant phase transitions in
rotating [26] and Born-Infeld [19] black holes and the ex-
istence of a tricritical points in rotating black holes anal-
ogous to the triple point in water [27]. A consequential
interpretation of the thermodynamic description is that
black holes can be treated as holographic heat engines
whose cycles can be performed by using renormalization
group flow [28–30].
Furthermore, recent investigations of 4-dimensional
charged (Reissner–No¨rdstrom) AdS black hole thermody-
namics in an extended phase space—where the cosmolog-
ical constant is treated as a dynamical pressure and the
2corresponding conjugate quantity as volume—indicated
that the analogy with a Van der Waals fluid becomes very
precise and complete [18]. This significantly alters pre-
vious considerations that emerged from the duality de-
scription [31, 32]. One can compare appropriately analo-
gous physical quantities, the phase diagrams become ex-
tremely similar, and the critical behaviour at the point
of second order transition identical.
To date, all work has concentrated on spacetimes
of dimension D ≥ 4, leaving D < 4 virtually unex-
plored. There is good reason to consider the latter sce-
nario, however. Over the last decade or so, a renewal
of interest in lower-dimensional theories of gravity has
emerged, inspired by the confluence of evidence suggest-
ing an effective two-dimensional Planck regime. These
dynamical or spontaneous dimensional reduction theo-
ries include causal dynamical triangulations [34], van-
ishing dimensions [35–38], and have been studied in the
context of non-commutative geometry inspired mecha-
nisms [39–41], entropic gravity [42], and gravitational
self-completeness [43]. Recently, a GUP-inspired black
hole model was shown to exhibit dimensional reduction
characteristics in the limit of sub-Planckian masses [44],
suggesting that physics of quantum black holes is ef-
fectively lower-dimensional (a similarly emergent two-
dimensional spacetime was noted in [45]).
The extended thermodynamic phase space of lower-
dimensional cases have received little attention until re-
cently. A brief discussion of the BTZ black hole in the
context of extended phase space [19] has been more re-
cently discussed from the perspective of two-dimensional
dilaton gravity [33]; this latter study also explored the
Smarr relation and first law of thermodynamics in the
context of a broad class of two dimension dilaton gravity
theories.
These results motivate our work. In this paper we
will combine the two concepts of black hole chemistry
and dimensional reduction by analysing equivalences be-
tween the thermodynamics and chemical representations.
We choose as our spacetimes a two-dimensional limit of
Einstein gravity [48] (a theory outside the class of those
considered in [33]) and the charged BTZ black hole in
(2 + 1)-dimensions [50, 51]. In particular, we seek to un-
derstand to what extent – if any – the Smarr formula
must be modified to uphold the correspondence. We also
wish to determine how the lack of area in two spacetime
dimensions impacts the relations, as well as the conse-
quences for defining a thermodynamic volume as a func-
tion of the cosmological constant.
We find that the Komar relation provides a geomet-
ric foundation for the D = 3 Smarr relation for BTZ
black holes, but with an unconventional expression for
thermodynamic volume in the charged case. This has
the consequence that charged BTZ black holes are su-
perentropic, with an entropy greater than that expected
on thermodynamic grounds. A conventional definition
of thermodynamic volume can be retained, however, if
we treat the mass renormalization length scale itself as a
thermodynamic variable. For the (1 + 1)-D case, we ap-
proach the problem by considering the D → 2 limit of a
generic (D+1)-dimensional Einstein gravity theory, and
find that the expected thermodynamic relations hold if
we adopt the sign convention for Λ and P to be opposite
that for D > 2.
II. THE SMARR FORMULA IN D < 4
The action for Einstein gravity coupled to matter, a
dilaton Ψ, and a cosmological constant can be written as
SD =
∫
dDx
√−g
[
ΨR+
1
2
(∇Ψ)2 − 2Λ + LM
]
(2.1)
in D spacetime dimensions. Setting the dilaton equal
to a constant, the general form of the first law and the
Smarr relation for a charged singly-rotating black hole
are respectively
d(GDM) = TdS +ΩdJ + V dP (2.2)
(D − 3)GDM = (D − 2)TS + (D − 2)ΩJ − 2V P
+(D − 3)ΦQ (2.3)
where J is its angular momentum, Ω its angular veloc-
ity, T its temperature and S its entropy, and the D-
dimensional Newton constant GD has been explicitly re-
tained. The quantity P has been interpreted as thermo-
dynamic pressure, identified in terms of the cosmological
constant as
P = − Λ
8π
=
(D − 2)(D − 1)
16πl2
, (2.4)
and whose its thermodynamic conjugate volume is V [7–
10, 18]. The pressure-volume term motivates a reinter-
pretation of M as the enthalpy of the black hole [9]: the
energy required to both form a black hole and place it
into its cosmological environment [46].
Translation of (2.3) to lower dimensions requires some
care. One can straightforwardly set D = 3, yielding a
relationship between the various thermodynamic quanti-
ties that is independent of the enthalpy. Assigning the
dimension as D = 2 is, however, not as straightforward.
The naive substitution D = 2 yields the relationship
M = 2PV , but (2.4) would suggest that P = 0, contra-
dicting this relation unless M = 0. Furthermore, since
the Einstein tensor vanishes identically for D = 2, the
meaning of G2 is not straightforward. Indeed, it is pos-
sible to to rescale GD by a factor of (D − 2) and then
take the D → 2 limit of general relativity; the result is
the action (2.1) with D = 2 and a non-trivial dilaton ψ
[47].
For this reason we have retained GD in equations (2.2)
and (2.3), and shall consider the cases D = 3 and D = 2
in turn. We shall apply arguments for the laws of black
hole mechanics [9, 25] to these cases, and will see that
interesting results are obtained for both. In particular,
3the (2+ 1)-dimensional charged case can only satisfy the
Smarr relation (2.3) for a particular choice of integration
constant. In the (1 + 1)-dimensional case we will find
that both (2.2) and (2.3) have interesting D → 2 limits,
yielding a D = 2 black hole thermodynamics in extended
phase space.
III. (2+1)-DIMENSIONAL BLACK HOLES
In this section we turn our attention to BTZ black
hole solutions in three spacetime dimensions, specifically
rotating and charged [50, 51, 53] cases. Unlike the D = 2
scenario, we can straightforwardly setD = 3 in the Smarr
formula (2.3).
The rotating BTZ black hole [50, 51] is given by
ds2 = −fdt2 + dr
2
f
+ r2
(
dϕ− J
2r2
dt
)2
,
f = −2m+ r
2
l2
+
J2
4r2
. (3.1)
where from (2.4) Λ = −1/l2. The corresponding thermo-
dynamic quantities are then
S =
π
2
r+ T =
r+
2πl2
− J
2
8πr3+
(3.2)
Ω =
J
16r2+
M =
m
4
=
r2+
8l2
+
J2
32r2+
(3.3)
P =
1
8πl2
V =
∂M
∂P
∣∣∣∣
S,J
= πr2+ (3.4)
where V is deduced by noting that
M (S, P, J) =
4PS2
π
+
π2J2
128S2
(3.5)
Based on these definitions, it is straightforward to ver-
ify that the following first law and the Smarr formula
(2.3) hold
dM = TdS + V dP +ΩdJ , (3.6)
0 = TS − 2PV +ΩJ (3.7)
for D = 3. We note a curiosity here: neither the entropy
S nor V depend on the rotation parameters, in contrast
to what happens for D > 3.
The charged BTZ black hole reads [53, 54]
ds2 = −fdt2 + dr
2
f
+ r2dϕ2 ,
f = −2m− Q
2
2
log
( r
l
)
+
r2
l2
,
F = dA , A = −Q log
( r
l
)
dt (3.8)
with the horizon at f(r+) = 0.
This case is more challenging to address insofar as the
asymptotic structure renders computation of the mass
more problematic. A renormalization procedure [55] for
computing the mass entails enclosing the system in a cir-
cle of radius r0, then taking the limit r0 → ∞ whilst
keeping the ratio r/r0 = 1. This yields a renormalized
black hole mass M0(r0), which is interpreted as the total
electromagnetic and gravitational energy inside the circle
of radius r0.
Indeed, writing the metric function as
f = −2m0 − Q
2
2
log
( r
r0
)
+
r2
l2
, (3.9)
where m0 = m+
Q2
4 log( r0/l ) and taking the aforemen-
tioned limit implies f → −2m0 + r2l2 . We thus recover
the usual asymptotic form of the BTZ black hole with
M = m0/4, with the result independent of the choice of
r0 [55].
Here we take a different approach, making use of the
Komar formula to determine the mass of the solution [9].
Given a Killing vector ξa and the relation
∇a∇aξb = −Rbaξa = (2Λgab − Tab + gabT ) ξb (3.10)
we substitute in the Einstein equations with Tab =
FacF
c
b − gabF 2 and T = T aa to find that (for a time-
like Killing vector) the terms in (3.10) proportional to
Tab vanish. Integrating both sides of (3.10) over a spa-
tial hypersurface Σ in the manifold with boundary ∂Σ,
this gives∫
∂Σ∞
dSab
(∇aξb + 2Λωab) = ∫
∂Σr+
dSab
(∇aξb + 2Λωab)
(3.11)
where
ξa = ∇bωba (3.12)
defines the Killing potential ωba. For the solution (3.8),
we have ∇rξt = −∇tξr = f ′(r)/2 = r/l2 − Q2/4r and
ωrt = −ωtr = r/2 + ω0/r with all other components
vanishing and ω0 an arbitrary constant. The divergences
cancel without any subtraction of the AdS Killing poten-
tial ωrtAdS = −ωtrAdS = r/2. Integrating (3.11) yields
− πQ
2
2
= πr+f
′(r+)− 2πr2+/l2 (3.13)
or
0 = TS − 2P
(
πr2+ −
πQ2
4
l2
)
(3.14)
upon using the standard definitions
T =
f ′(r+)
4π
=
r+
2πl2
− Q
2
8πr+
S =
1
2
πr+ P =
1
8πl2
(3.15)
and dividing both sides of (3.13) by 8π.
We see that we obtain agreement with theD = 3 Smarr
relation (2.3) provided
M =
m
4
=
r2+
8l2
− Q
2
16
log
( r+
l
)
(3.16)
4is the mass, in turn implying
V =
∂M
∂P
∣∣∣∣
S,Q
= πr2+ −
1
4
Q2πl2 (3.17)
Φ =
∂M
∂Q
∣∣∣∣
S,P
= −1
8
Q log
( r+
l
)
(3.18)
in agreement with (3.14). It is easy to verify that the
first law (2.2)
dM = TdS + V dP +ΦdQ (3.19)
holds for D = 3. Note that Φ and V can also be com-
puted from
M (S, P,Q) =
4PS2
π
− Q
2
32
log
(32PS2
π
)
(3.20)
which follows from inserting (3.15) into (3.26).
Note that, contrary to higher dimensions, the volume
V now depends on the electric charge Q of the black
hole. This is a direct consequence of the fact that Q now
modifies the asymptotics, and so modifies the integration
of (3.10). Calculating the Gibbs free energy gives
G =M − TS = Q
2
16
− r
2
+
8l2
− Q
2
16
log(r+/l) . (3.21)
whose derivative is
dG
dr+
= −4r
2
+ +Q
2l2
16r+l2
< 0 . (3.22)
Since this is always decreasing, we can conclude the BTZ
black hole does not admit any critical VdW behaviour.
Alternatively, writing G = G(T, P ), it is straightforward
to show that G is a monotonic function of both T and
P , exhibiting no swallowtail behaviour.
We pause to comment that the D = 3 Smarr formula
(2.3) will not hold for any other choice of constant r0 in
the logarithmic term in the metric function f(r) in (3.8).
This fact was unnoticed in [19] and hence the analysis
proving non-existence of the VdW behavior therein is not
valid. Indeed there is no thermodynamic interpretation
of the Q2 term in (3.13) apart from the result (3.17),
since the electrostatic potential Φ in (3.18) necessarily
contains a term dependent on r+.
This in turn forces a new violation of the Reverse
Isoperimetric Inequality [14, 56], which is the conjecture
that the isoperimetric ratio
R =
(
(D − 1)V
ωD−2
) 1
D−1 (ωD−2
A
) 1
D−2
(3.23)
always satisfies R ≥ 1 for thermodynamic volume V
and horizon area A, with ωd =
2pi
d+1
2
Γ( d+12 )
the area of a
d-dimensional unit sphere. For the solution (3.4), we
see that R = 1, saturating the Reverse Isoperimetric
Inequality, with the physical implication that rotating
BTZ black holes have maximal entropy. However for the
charged case (3.26) we find
R =
√
1− Q
2l2
4r2+
< 1 (3.24)
violating the Reverse Isoperimetric Inequality for all Q 6=
0. Consequently charged BTZ black holes are always
superentropic, or in other words have entropy above their
expected thermodynamic maximum [57, 58].
An alternative interpretation of (3.13) entails retention
of the standard definition of the thermodynamic volume,
V = −
[∫
∂Σ∞
dSab
(
ωab − ωabAdS
)− ∫
∂Σh
dSabω
ab
]
= πr2+ .
(3.25)
It is then necessary to introduce a new thermodynamic
parameter associated with the renormalization length
scale r0 = R. Writing f = −2m0 − Q
2
2 log
(
r
R
)
+ r
2
l2
,
the various thermodynamic quantities in (3.15) remain
the same, but now the mass is
M =
m0
4
=
r2+
8l2
− Q
2
16
log
( r+
R
)
(3.26)
implying
V =
∂M
∂P
∣∣∣∣
S,Q,R
= πr2+ (3.27)
Φ =
∂M
∂Q
∣∣∣∣
S,P,R
= −1
8
Q log
( r+
R
)
(3.28)
K =
∂M
∂R
∣∣∣∣
S,Q,P
= − Q
2
16R
(3.29)
where K is the thermodynamic conjugate to R. It is
then straightforward to show that the alternative Smarr
relation
0 = TS − 2PV +KR (3.30)
and first law
dM = TdS + V dP +ΦdQ+KdR (3.31)
are both satisfied. From this perspective charged BTZ
black holes respect the reverse isoperimetric inequal-
ity R ≥ 1, but at the price of incorporating a new
thermodynamic work term associated with the mass-
renormalization scale. The physical interpretation of this
quantity is presumably that a change in the renormal-
ization scale yields a change in the renormalized mass
parameter.
IV. 1 + 1 DIMENSIONAL BLACK HOLES
Amongst the broad class of D = 2 dilaton gravity the-
ories [33], an interesting case that is outside of this class
5is the D → 2 limit of the action (2.1), which is [47, 48]
S1+1 =
∫
d2x
√−g
[
ψR+
1
2
(∇ψ)2 − 2Λ2 + LM
]
.
(4.1)
We are particularly interested in this case as it will help
us understand the D → 2 limit of the Smarr formula
(2.3).
Variation with respect to the metric and dilaton re-
spectively yield the field equations
0 =
1
2
(
∇aψ∇bψ − 1
2
gab(∇ψ)2
)
−∇a∇bψ
+gab∇2ψ + gabΛ2 − 8πG2Tab (4.2)
0 = R−∇2ψ . (4.3)
Equation (4.3) provides a convenient constraint on the
value of the Ricci scalar and the dilaton, which is use-
ful in reducing the latter equations. It is straightforward
to show Equation (4.2) is divergence free provided the
stress-energy is conserved. The above system can be re-
duced to
R = 8πG2T − 2Λ2 (4.4)
plus another differential equation for ψ.
It has been shown that the action (4.1) can be under-
stood as the D → 2 limit of the Einstein Hilbert action
(2.1) (with Ψ =constant) upon settingGD = (1−D/2)G2
[47]. Furthermore, in the D → 2 limit, the entropy is
SD =
ωD−2
4
(
r+
ℓP
)D−2
=
1
2
+
D − 2
2
ln
(
r+e
−γ
2
√
πℓP
)
+ · · ·
≡ 2×Ap
4
+
D − 2
2
S˜BH (4.5)
where γ = 0.577215... is the Euler-Mascheroni constant
and Ap = 1 is the ‘area of a point’, taken to be unity. A
collapsing fluid in (1+1) dimensions will have two points
as its boundary [59], and so the boundary of a black hole
will likewise consist of two points, both points having a
total ‘area’ of limD→2 ωD−2 = 2, and so each horizon-
point has area unity. We can regard S2 =
2×Ap
4 as the
entropy associated with these horizon points.
Using these relations and (2.4), we find that (2.3) be-
comes (setting J = 0 = Q)
(D−3)(1−D
2
)G2M = (D−2)TSD−2V (D − 2)(D − 1)
16πl2
(4.6)
which in the D → 2 limit yields
G2M = 2TS2 − 2V 1
8πl2
= 2TS2 − 2V P2 (4.7)
upon identifying
P2 =
1
8πl2
(4.8)
as the pressure. Note that the quantity S˜BH in (4.5)
does not contribute to the D = 2 Smarr relation (4.7);
we shall consider its interpretation below.
TheD → 2 limit of the Smarr relation (2.3) can also be
derived via a geometric procedure analogous to theD > 2
case [9], employing the dilaton action of Equation (4.1)
and isolating an exact expression for the thermodynamic
volume via integration. We introduce a Killing vector
and two-form potential as in (3.12) with the foresight
that this can be used to construct a Komar integral rela-
tion for a non-zero cosmological constant Λ2 6= 0 [61, 62].
For any Killing vector we have
∇a∇aξb = −Rbaξa = −
R
2
ξb (4.9)
where the latter relation holds only in (1+1)-dimensions.
Taking the trace of (4.2) and inserting into (4.3) yields
(4.4), where we take Tab = 0 for simplicity. Hence
∇a∇aξb = Λ2ξb . (4.10)
Integrating both sides gives∫
∂Σ
dSab∇aξb =
∫
Σ
dΣb∇a∇aξb = Λ2
∫
∂Σ
dSabω
ab
(4.11)
upon using (3.12).
We pause to compare this to the analogous D-
dimensional expression∫
∂Σ
dSab
(
∇aξb + 2
D − 2Λω
ab
)
= 0 . (4.12)
where we note the factor 1/(D − 2), the sign difference,
and the fact that in (1 + 1)-D the expression above is
not formally an integral, but rather evaluates simply
to the value of the function at the endpoints. This is
a consequence of the dimensionality of the spacetime.
Each individual term in the above expression is divergent,
but both can be made finite by adding and subtracting∫
∂Σ∞
dSabω
ab
AdS, interpreting
V = −
[∫
∂Σ∞
dSab
(
ωab − ωabAdS
)− ∫
∂Σh
dSabω
ab
]
(4.13)
as the thermodynamic volume [9]. We shall follow the
same procedure and conventions, subtracting the term
naubω
ab
AdS
∣∣L from both sides of (4.11). Note that this
entails recognizing dΣb = dΣub, where ub is the timelike
unit normal to the spatial hypersurface and so the surface
volume element dSab = n[aub]da where da represents the
endpoints of the interval.
Consequently (4.11) becomes
naub
2π
(∇aξb − Λ2ωabAdS) ∣∣L = naub2π ∇aξb
∣∣
x+
+
Λ2
2π
(
naubω
ab
∣∣∣Lx+ − naubωabAdS ∣∣L) (4.14)
which can be rewritten as
M = 2TS2 − 2P2V (4.15)
6upon using the definition for S2 given above and defining
M = − 1
2π
ubna
(∇aξb − Λ2ωabAdS) ∣∣L (4.16)
as the mass and
V = −2
(
uanbω
ab
∣∣∣Lx+ − uanbωabAdS ∣∣L) (4.17)
as the (1 + 1)-dimensional version of the geometric vol-
ume.
Note that the above requires P2 = +Λ2/8π, which ap-
pears to be a sign-reversal relative to the D > 2 cases.
As we shall see, it is Λ2 > 0 that yields asymptotically
AdS spacetime in D = 2 dimensions, and so this sign
choice is consistent with anti de Sitter spacetimes having
positive thermodynamic pressure.
The first law (2.2) likewise has a non-trivial D → 2
limit. Inserting (4.5) and (4.8) into (2.2) we obtain
d(G2M) = −TdS˜BH − V dP2 = TdSBH − V dP2 (4.18)
provided we regard SBH = −dS˜BH as the entropy of the
black hole. We shall see below that this is the proper
interpretation of the quantity S˜BH .
Turning to a specific example, the corresponding black
hole solution was obtained in [48] as
ds2 = −f dt2 + dx
2
f
, (4.19)
f = 2m|x|+ x
2
l2
− C (4.20)
where Λ2 = 1/l
2 > 0 is the cosmological constant; as
noted above, positive Λ2 yields AdS asymptotics. Here
C is a constant of integration whose thermodynamic in-
terpretation will be given below. The metric (4.19) ad-
mits at most two horizons depending on the signs and
magnitudes of Λ2, C, and m [48]; for C > 0 and Λ2 > 0,
the metric is asymptotically AdS and we locate the black
hole horizon at x = x+. The Ricci scalar R = −d2f/dx2
and the solution for the auxiliary scalar field ψ is
ψ = − ln(f) + 2
√
m2 − C
l2
t+ ψ0 (4.21)
The metric (4.19) can be shown to be the endpoint of
the gravitational collapse of a line of dust [59], leading to
the appearance of the |x| in the above. For Λ2 = 0 the
quantity m can be interpreted as the mass of the black
hole [48, 60, 63]. In what follows we shall adopt this
interpretation.
We can compute the thermodynamic volume by solving
equation (3.12), which for ξa = (1, 0) yields
ξa = (1, 0) = (∂rω
rt, ∂tω
tr)⇒ ωrt = x+ α0 (4.22)
where α0 is a constant. We then set ω
rt
AdS = L. This
result can also be obtained by finding the Killing poten-
tial in D-dimensions and taking the D → 2 limit, which
gives
ωrt =
r
D − 1 + αˆr+
(r+
r
)D−2
→ ωrt = x+ α0
ωrtAdS
∣∣L = r
D − 1
∣∣L → ωrtAdS = L
where α is an arbitrary dimensionless constant. From
(4.17) we obtain
V = −2utnr
[
ωrt
∣∣∣Lx+ − ωrtAdS ∣∣L ] (4.23)
= −2 [(L+ α0)− (x+ + α0)− L] = 2x+
The temperature is
T =
ubna
2π
∇bξa|x+ =
f ′+
4π
=
Λ2x+ +m
2π
=
x+ +ml
2
2πl2
(4.24)
and so the right-hand side of the Smarr relation (4.15) is
2TS2 − 2P2V = x+ +ml
2
2πl2
− 4x+
8πl2
=
m
2π
(4.25)
since P = 18pil2 . We also obtain from (4.16)
M = − 1
2π
ubna
(∇aξb ∣∣L − Λ2ωabAdS ∣∣L ) = 12π
[
f ′(L)
2
− Λ2L
]
=
1
2π
[
2Λ2L+ 2m
2
− Λ2L
]
=
m
2π
(4.26)
in agreement with (4.15).
Turning next to the first law of thermodynamics, from
equations (4.24) and (4.26) we have
M =
m
2π
= − x+
4πl2
+
C
4πx+
, (4.27)
T =
f ′(x+)
4π
=
x+
4πl2
+
C
4πx+
, (4.28)
and taking the first law to be dM = TdSBH −V dP from
(4.18) yields
dM + V dP − TdSBH
=
x+
2πl3
dl −
(
1
4πl2
+
C
4πx2+
)
dx+ − 2× (2x+)
8πl3
dl + TdSBH
= −T
(
dx+
x+
− dSBH
)
(4.29)
where we regard SBH as the entropy of the black hole.
Requiring the left-hand side of (4.29) to vanish yields
SBH = − log(x+/x0) = log
[
x0l
2
C
(√
m2 +
C
l2
+m
)]
(4.30)
where x0 is some minimum length scale. By identifying
x0 = 2
√
πℓP e
γ , we find that SBH = −S˜BH given in (4.5).
We can therefore regard the total entropy of the system
as S = S2 + SBH .
Note that the entropy (4.30) will be positive provided
x+ < x0, yielding an upper bound on the size of a black
7hole. Although the entropy grows logarithmically with
increasing mass the horizon size decreases with increasing
mass and so smaller black holes have larger entropy. This
logarithmic behaviour is a feature of the D → 2 limit of
general relativity [47, 48]. More recently, the authors of
[44] introduced such an term as a sub-Planckian limit
to a general entropy, in which M0 plays the role of the
smallest possible particle at which S → 0.
The definition (4.30), previously proposed for two-
dimensional black holes [48, 59] is robust. Indeed, ele-
vating C to a thermodynamic variable J we have
J = C , Ω =
1
4πx+
(4.31)
and it is straightforward to show using (4.30) that the
first law
dM − V dP − TdSBH − ΩdJ = 0 (4.32)
is satisfied.
The equation of state is obtained by solving (4.28) for
P in terms of (T, V ); this yields
P =
T
V
− 2C
4πV 2
(4.33)
which has a single maximum at V = C/Tπ. There are
no points of inflection in the function P (V ) for any fixed
values of (C, T ), and so the black holes do not exhibit
critical behaviour.
We close this section by noting that both m and C
can change signs. For m < 0 the black hole mass M is
negative, and the entropy decreases with increasing mass,
becoming negative beyond a certain value of |m|. All of
the above relationships are preserved, with signs changed
accordingly.
V. CONCLUSIONS
We have found that the Smarr relation can be extended
to lower-dimensional black holes, provided one takes suf-
ficient care in constructing the D → 3 and D → 2 limits
from the general D-dimensional formula (2.3).
For three spacetime dimensions, we find that although
setting D = 3 in (2.3) is straightforward enough, the
definition of thermodynamic volume is somewhat sub-
tle. For the charged BTZ black hole, the Komar for-
mula yields the relationship (3.13), which does not af-
ford the standard interpretation (4.13) of the volume.
We found rather that the standard definition of the mass
(given by the first equality in (3.3)) yields an expres-
sion for the volume that depends on both the horizon
size and the charge, as well as the expected expression
for the electromagnetic potential. The expected D = 3
Smarr relation (3.14) and first law (3.19) both hold. As
a consequence, charged BTZ black holes do not respect
the reverse isoperimetric inequality. Alternatively, if one
wishes to retain the standard definition (3.25) of the vol-
ume, it is necessary to introduce a new work term as-
sociated with the mass renormalization scale, yielding a
modified Smarr formula (3.30) and first law (3.31).
For the two-dimensional case, we considered theD → 2
limit of general relativity and of the Smarr formula (2.3)
and the first law (2.2). We found that the limits of all
three were consistent, and indicated that the entropy of
the black hole system consisted of both the ‘area’ of the
point-like horizon and of a term proportional to the log-
arithm of the horizon size. The D = 2 Smarr relation
also followed from a Komar formula, with the thermody-
namic volume given by a D = 2 version of the standard
relation (4.13). An added advantage of the chosen def-
inition of thermodynamic variables is that the constant
of integration C can be identified as an analogue of ro-
tation. This result suggests that the generic concept of
spin can be defined as an internal property of objects in
two-dimensional spacetimes, which could have intriguing
consequences for associated quantum field theories in one
spatial dimension.
A recent approach toward considering Λ as a thermo-
dynamic variable in D = 2 regarded it as the charge of a
U(1) field with non-minimal coupling to the dilaton [33],
analogous to what was down with a 4-form field strength
in (3 + 1) dimensions [7, 52]. The thermodynamic en-
semble is established via a choice of boundary conditions
in the Euclidean path integral of the Einstein-Maxwell-
Dilaton action, along with a holographic counterterm so
as to have a well-defined semiclassical approximation.
Fixing the proper temperature at the boundary, one can
then derive the free energy and all other thermodynamic
quantities. Since the class of theories (4.1) falls outside
of this framework, our results not surprisingly stand in
contrast to this recent work.
Finally, we conclude by noting that none of these lower
dimensional black holes exhibit any interesting phase be-
haviour. Finding a set of black holes that do remains an
interesting subject for further study.
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